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Abstract-Observations made on patients under cardiac catheterization are used to develop val- 
idated models for the heart cavities and the main blood vessels. treating! them as compartments of 
the cardiac system. The algorithm utilizes realistic nonlinear formulations and the least squares 
techniques for optimal parameter estimation. .A comprehensive invsstisation made for modelling 
of the hemodynamics of one of the compartments is reported as a case stud!. The modrIling 
procedure is broad-based in character. and may be used advantageously as an aid in the diagnosis 
of heart diseases. 
1. INTRODUCTION 
Studies associated with the cardiovascular system consider the heart as a contractile 
muscle pumping blood through its ventricles to the aorta and the pulmonary artery. For 
purposes of cardiac hemodynamic modelling, particular attention must be given to the 
anatomical and physiological differences between the pulmonary artery (PA) and the aortic 
arch (AO), as well as the right and left ventricles [I]. 
Different models for cardiac hemodynamics have been proposed in the literature using 
the Windkessel theory [L-j], transmission theory [6-101, and network theory [ll-153, 
etc. Windkessel and transmission theory approaches concentrate on solving the pulsatile 
flow in elastic tubes of length sufficient to assure the absence ofreflection. Major concerns 
in this type of solution include wave velocity, pressure distribution. and displacement 
under certain idealized conditions. Network theor). applications are based on similarities 
between hemodynamics and the electrical quantities of the model network. 
This study considers each heart cavity as a single compartment which contains a distinct 
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Fig. I. Compartments of the cardiac system 
form of energy (or matter) transferred from one compartment to another. Attention is 
confined to intracardiac pressure and myocardial contractility which control the blood 
flow. For a normal case, the heart is then described by the interconnection of compart- 
ments with a unidirectional flow of energy as shown in Fig. I, 
The model proposed also considers the possibility of a bidirectional flow of energy in 
cases where cardiac disorders occur. Energy flow for disorders such as aortic insufficiency 
and mitral regurgitation is illustrated in Fig. 2. 
For example, consider the right ventricle (RV) as a single compartment inside which 
the intracardiac pressure energy is transferred unidirectionally for normal cases as illus- 
trated in Fig. 3. If myocardial hypertrophy existed, then the configuration of the RV- 
system would take the form of Fig. 4, representing the abnormality; PO depicts the feed- 
back energy because of hypertrophy. 
The underlying problem in hemodynamic modelling is to find a functional relationship 
Fi- ~. 2. Left heart compartments with cardiac disorders 
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Fig. 3. Right ventrick compartment in a normal case 
Fig. 4. Pressure energy tlo\b for RL’ in case of m)ocardial hypertrophy 
that determines the output of each compartment in response to the respective inputs with 
acceptable accuracy. This functional relationship should satisfy the biological character- 
istics 1161, allowing for the following constraints: 
1. The inherent nonlinearities 
7. The limited duration of experiments 
3. Low signal to noise ratio in the measurements of the system state variables, and 
4. Variability of measured data 
The mathematical developments for describin, 0 the nonlinear stochastic transforma- 
tional characteristics of the cardiac system compartments are outlined first. The algorithm 
has been depicted in such a manner which can be readily understood and implemented 
using a microcomputer. Details of data acquisition and processing are given next. This is 
followed by results and concluding remarks. 
2. THE MODEL 
The proposed technique is based on a modification in the approaches available through 
Volterra series expansion [17] and Wiener-Bose analysis [18], using which, models for 
each compartment may be developed for normal as well as abnormal cases. The com- 
partment is considered as a black box about which there is no prior knowledge except 
for the fact that it may be characterized by a nonlinear functional relationship expressed 
by 
y(t) = F[r: x(5). T I t] (1) 
F[.] describes the dependence of the output x(t) on the whole past input -r(t) to the 
system. For example, the left ventricle cavity with the aortic valve may be considered 
as one compartment having PLP.as its input and P .40 as its output (Fig. 1). The input/output 
relationship of such a nonlinear system could be represented by the relationship given 
below. 
Y(t) = 5 ?.Ar) 
7-O 
34 
where 
dr, . . . dr,g,(r,. . . . . r,,) fi .r(t - ri) 
i= I 
(3) 
and gi(rl , . . . , ri); i = 1, . . . , n are the system kernels. 
Taking into consideration the requirements of physical realizability [ 191. the system ker- 
nels are zero for any of the arguments less than zero. Therefore, Eq. (3) takes the form: 
y,(r) = x drr . . . 
I 0 
r dr,g,(rl, . . . , r,) fi .~(t - ri) 
i= I 
For discrete systems, the output at time tk is given by 
,v(h) = 5 gl.-~h-r) + 2 5 g2r,rl,~(rX_r,)_r(r~-r~) 
r=O r,=o r,=O 
r r 
+ i: C C g3T,TZT,.r(r~-~,),~(r~-~I).~(r~_~3) + . . . 
r,=o rz=o r,=o 
(3 
where _K(tkwr,),j = 1, 1, 3, . . . are zero for negative values of the argument rx_,.,. 
Truncating the series to L terms simplifies Eq. (j), restricting the input to a finite number 
of samples. The functional relationship of Eq. (I) can be characterized by a nonlinear 
network with no memory cascaded with a linear network [20]: thus the model proposed 
for each compartment consists of a set of parallel paths, each containing a nonlinear 
network represented by a polynomial of order n cascaded with a linear element G of order 
m. The model output is the sum of the outputs of all these paths. The system output y(r) 
is composed of the compartment output corrupted with additive measurement noise. Fig- 
ure 5 shows the model configuration for a typical compartment, the right ventricle (RV). 
The input x(r) to the physical system is assumed not to be contaminated with any 
external noise. However, the actual measurements made on x(r) will be contaminated 
with noise, m(r), assumed to be additive. The measured input process is x(r) + m(r), 
with mean .3(r) + E(r). Now, define a process X(r) as X(r) = (measured input process) 
- (mean of measured input process) then E[X(r)] = 0. Also, the average of noise m(r) 
in the process X(r) will be zero. 
Thus, the model input in sampled data form X(k) with zero mean measurement noise, 
and having zero mean and unit variance, may be obtained by using the transformation 
X(k) = 
x(k) - P, 
4x 
(6) 
where P, and q.: are the mean and variance of the measured input .r(X-). This operation 
has been depicted in Fig. 5, by the box labelled ZMCJV. 
The polynomial representing the output of the ith nonlinear element LVL, in the ith path 
of the model is defined by 
uj(k)Au;(Xk) = Cj,Xk + ci2x; + . . . + cinx (7) 
where X, has been used to represent X(k). 
The linear element Gi of the ith path is characterized by a digital filter with the following 
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Fig. 5. The model structur? for R\‘-compartment 
pulse transfer function: 
G,(z) = 
a0 + a,;- + . . - Cl&-‘n 
I + b,;-’ f . . . - b,,,y”’ (8) 
It is understood that cr,, b, will be different for different paths. For convenience in the 
development of mathematical algorithms, one may drop the index i and write 
V(z.1 
G(z) = - 
11(u) (9) 
where V(k) represents the output of the ith linear element corresponding to the input UX. 
I 
V(,) = c V(k),_’ 
i=o 
(lOa) 
and 
Thus, 
II(Z) = 2 [l(k),-; 
L=O 
(lob) 
00 f a,;-’ + . . . + a,,_‘” 
j. rr(klz_k = 1 + b,,-' + . . . + bm:-” (11) 
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Cross-multiplying and comparing the terms in ;-” from Eq. (1 I), we get 
V(k) + b,V(k - 1) A blV(k - 7) + . . + b,,V(k - m) 
= a&k) + a,u(k - 1) + . . . + a,u(k - m) (I?) 
Ol- 
V(k) = aoff + a,ff(k - 1) f . . . + a,u(X- - m) 
- b,V(k - 1) - b2V(k - 2) - . . . - b,V(k - m) 
Thus 
V(k) = cl0 5 c,xi + Ul i: crxi- I + . . . + urn i C,XiL”, - 2 bjV(k -_,i) (13) 
r= I r=I !-=I j=l 
For simplicity, take C, = 1 and define 
AT = [no, (11. . . . , a,,,; cgz,,. cznl, . . . ~~a,,,; . . . ; c,no, 
c,n~, . . . , cnn,,: - b,, - b,, . . . , - b,] 
r(k) = [X,, Xk_,, . . . , xx--m; x;, x;_, , . . . , 
xi_,; . . , x2, x;l-,. . . . . xr-,; 
V(k - I), V(k - 2), . . . , V(k - m)] 
(14) 
(13 
Then. 
V(k) = lIT( (16) 
Equations (14), (IS), and (16) refer to any path of the model. For the ith path we may 
write 
Vi(k) = BT(k)Ai i= l,Z,...,M (17) 
Samples of the system output with zero-mean measurement noise may be obtained in 
the same manner as for x(t), and are given by 
Y(k) = 
y(k) - P, 
‘I? 
(18) 
where P, is the mean ot y ana qr IS Its standard deviation. 
Thus, the error between the system output and the first path of the model output at 
X-th sampling instant is given by 
E,(k) = Y(k) - Bf(k)A, (19) 
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If the total number of observations is ,V, the sum of squares of the errors is 
Arranging all the errors E,(X-) in a vector El, B:(k) as a matrix B, . and Y(k) as a vector 
Y, we have 
J, = E:E, 
= [Y - B,A,]‘-[Y - B,A,I (21) 
Using the least squares algorithm [21]. the optimal parameter vector A, is readily obtained 
as 
A, = (B:B,)-‘B;Y (‘2) 
Evaluation of A involves a complete knowledge of the vector B, . which has V(X- - I ), 
. , V(X- - m) as some of its elements, which are, however, not known. 4s the V‘(X) 
process will finally be approximately the same as the output process _v(X-) in the least 
squares sense, we shall be justified if vve replace the V(j) of B, vector by Y(j). Thus. 
the B, of equation (22) henceforth will be taken as [see Eq. (131 
B:(k) = [X,, X-l, . . . 1 Xh-“l; x;, xi-,. , x; -0,; . Xl. XT-,, . . . . xi_,,,: 
I/(x- - I), Y(k - 2), . . . . Y(k - m)] (23) 
For computational purposes w;e may use the formula 
[ 
.v 
A, = c B,(X-)B:(X-) 
1 
-’ $ B,(k)Y(k) (21) 
h=I X=l 
where B,(k) is given by Eq. (23). 
The vector A I has dimension mn f m + n, with a certain amount of redundancy due 
to the polynomial parameters cj, j = 2. . , II. From relation (14) it is obvious that 
optimal estimates obtained for 0; do not yield unique values for ci. The set of polynomial 
parameters must, therefore, be selected in such a way as to yield minimum value for the 
performance index J,. A reliable approach for establishing a value for each ci would be 
to compute the root mean square (RMS) error of the first path model output compared 
with the system output for all the sets of C and accept the set which yields the least value 
for the RMS. 
E; = Y - V, - V2 . . . - V;-, - Vi 
or 
E; = E;_, - Vi, i = 2,3, . . . (25) 
38 
(Jl)min for the 
from the formula 
case when we take only the first path in the model. can be obtained 
(JI),,” = [Y - B,A,]7[Y - BJ,] (26) 
the corresponding optimal error vector being 
The optimal parameter vector AZ for the case when there are only two paths in the model. 
can be obtained by using the relation 
or 
Ez = i, - v2 
E> = 2, - B!‘A - 2 (28) 
and minimizing the performance index 
J, = E!‘E - 2 
or 
where B2 is the same as B, of Eq. (23) with the elements Y(j) replaced by. i,(j). This 
yields 
and (Jz)mi, can be computed using the value of Az from Eq. (30) in Eq. (29). 
Rewriting Eq. (25) in the form 
E; = .k;_, - B;A; (31) 
we thus obtain the optimal parameter vectors ,& by minimizing sequentially 
J, = [b;_, - B;A;]‘~[L;_, - B;A;] (32) 
The Ai are given by the relation 
a; = (B!B;)- ‘B’,&-, (33) 
and the corresponding (Ji)min can be calculated using A; from Eq. (33) in Eq. (32). Here 
Bi will be the same as in Eq. (23) for i = 1, and for i = 2. 3, . . . , the elements Y(j) are 
to be replaced by &i_ ,( j). 
We observe that an optimal knowledge of the first i - I paths enables us to obtain the 
optimal parameters for the ith path simply by replacing Y by k;_ ,. .-I I and E, are to be 
evaluated first. We repeat the procedure until the difference between two successive 
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values of (J),i, is less than a prescribed value for accuracy 
1 lJ,-, ),,n - (J,hm, ! < E. 
vvhere E is a small number. 
3. DXTX XCQUISFI-ION 
i.e. 
Pressure waveforms had been obtained from patients under cardiac catherization at 
Kasr El-Ani Hospital, Cairo University (hlaniai University Hospital). The pulmonary 
artery pressure (Pp.\) behind the pulmonary val5.e. and the right ventricle pressure P,r 
behind the tricuspid valve were measured and recorded together with the electrocardio- 
gram (Lead-II) by a hlingograf -l2B using a catheter of length 100 cm. size 7F. lumen 
ID.058” introduced to the right ventricle and the pulmonary artery. .A radiopaque dye 
(hypaque) vvas injected to get a tilm of the right ventricle and the pulmonary artery. This 
film contained a fluoroscope image for at least three cardiac cycles using an enhanced N- 
ray source vvith an image intensifier and a 35 mm camera run at speed of 64 frames per 
second. This single plane angiogram is usually used by physicians to detect the effect of 
hypertrophy. 
Data belonging to 50 patients were released for this research. They consisted of tivo 
groups: the first group of 25 had right ventricular hypertrophy (RVH) due to pulmonary 
hypertension while the second group had aortic regurgitation (AR). Observations made 
on the two groups were used to develop and validate the model. 
As an example, a ty,pical record of the right ventricle pressure Lvaveform for one of 
the patients w.ith RVH is shown in Fig. 6(a). The corresponding output of the R\‘-com- 
partment, which is the pulmonary artery pressure waveform, is shown in Fig. 7(a). 
I EGC 
R.V. 
PRESSURE 
Fig. 6tal. Right ventricular blood pressure before baseline removal 
1 I 
Fig. 6(b). Righr centricular blood pressure after baseline removal 
f?A. 
PRESSURE 
Fig. 7(a). Pulmonary artery blood prcswre before baseline rcmo\al 
I J 
Fig. 7tb). Pulmonary artery blood pressure after baseline removal 
The baseline shift of the measured data due to respiration and muscular artifacts, wx 
removed by a first order bandlimited Markov preprocessor [22]: the resulting u.aveforms 
are shown in Figs. 6(b) and 7(b). Using the R-peak of the ECG trace as the time reference 
for each beat, five or more beats over several respiratory cycles were averaged. The data 
was then smoothed by a more satisfactory technique, which consisted of fitting the mea- 
sured data samples to a parabolic curve in the least squares sense, using the seven-points 
least squares parabolic approach [l3]. This enabled us to get directly the first derivative 
at each point, which is needed for implementation of the results for diagnostic purposes. 
It should be remarked that a comprehensive study was launched for modelling of the 
other compartments of the cardiac system usin, (J the same technique for various types of 
diseases. Duly validated models were developed but are not reported here. 
4. lMODEL EVALUATION AND VALIDATION 
Using the formulas of Sec. 2 and the data acquired as explained in Sec. 3, the parameters 
obtained for the RV compartment are given in Table 1, for the two cases of RVH and 
AR. According to the proposed approach, it is required to determine the orders of both 
the polynomial and the linear digital filter. The upper limit of three, placed on the orders 
of both the polynomial and the linear network, was arrived at through the calculation of 
the root mean square (RMS) error for different combinations of m and n. The number of 
paths was found to be two with a performance index of 0.005. because the change in RMS 
error from the second to the third path was less than that value. To ensure physical 
realizability. the order of terms in the numerator of the digital filter transfer function was 
taken to be less than that of the denominator. All computations were carried out on a 
PDP 11134 computer using Fortran-IV language. 
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Table I. Model parameters of the right ventricle compartment 
RVH .\R 
Sumber of Paths Number of Paths 
Case Type 
Parameters I 7 3 I 1 3 
Cl I .oooo I .oooo I .oouoo I 00000 
C2 - 0.082563 - 0.4589 -0.3SYY3 - 0.19323 
Ci 0.0000 0.0424 I - 0.1924 0.00000 
(10 0.10691 0.19-w 0. I I-104 0.087417 
(1 / 0.03 166 -0. I9445 -0.11Yli -0.01367 
0 2 0.00000 0.0000 0.70598 0.00000 
h, 0.01779 0.20955 0. ISOY? - 0.91696 
bz - 0.2’208 
b> 0.0000 
0.11971 0.18YY9 -O.l-t384 
0.00000 -0.24995, - 0.14381 
RMS 0.27SE-I 0.261 E-2 0.258E-2 0. IS69E- I O.i927E-2 0.75 16E-2 
A comparative study shows that the predicted values of the RV output using the mnth- 
ematical model tit the clinically measured values L’ery closely for both groups under study 
(Fig. 8 and Fig. 9). 
The index for the myocardial contractility of the cavity under consideration, I = f 
dP/dt, can be obtained readily from the model. This is shov\-n as a function of time in Fig. 
IO for the RVH case and in Fig. I1 for the AR case. The corresponding index-pressure 
(force-velocity) loops are shown in Fig. 12 and Fig. 13: these I-P loops show the condition 
of the cavity muscle. The pressure-gradients for both cases across the pulmonary v-alve 
at the end of the RV-compartment are shown in Fig. 14 and Fig. 15. The pressure-gradient 
loops (v’p vs p) are shown in Fig. I6 and Fig. Ii. These pressure-gradient curves exhibit 
the state of the valve. 
--- LOOP PREDICTED 
- MEASURE0 
Fig. 8. Comparison between measured time [xc] and predicted pulmonary artery blood pressure in the RL’H- 
case 
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Fig. 9. Comparison between measured and predicted pulmonary artery blood pressure in the AR-case 
TIME (s) - 
Fig. IO. RV-compartment for the RVH group 
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Fig. 17. Pressure gradient loop of the pulmonary valve for the group with AR 
5. CONCLUDING REMARKS 
The primary objective of the researches reported here had been to establish modelling 
techniques which could be used as an aid to diagnosis. Emphasis was therefore laid on 
utilization of real-life data for the development and validation of the algorithms. The results 
distinctly contribute to this objective. 
As mentioned earlier, the right ventricle compartment modelled in this article serves 
only as an illustrative example for the techniques outlined, which have been extended for 
modelling of the other compartment also of the cardiac system. It is envisaged that the 
results obtained would lead to an algorithm for modelling the overall cardiac system: this 
should facilitate the prediction of intracardiac pressures using only the non-invasive re- 
cordings of the jugular and carotid pulse tracings. without resorting to catheterization. 
The algorithm of this paper is similar to the Hammerstein model 234, 251, except that 
the model input in our case is considered to have zero-mean and unit variance with zero- 
mean measurement noise, which results in economical computer storage requirements. 
The Hammerstein model is restricted to fixed pole linear dynamics. whereas the modelling 
technique proposed here appears to be more general. 
The model developed in this paper follows the Uryson model [26] consisting of a set 
of Hammerstein models in parallel, involving evaluation of nonlinear correlations of poly- 
nomial functions. The dynamics in each path are determined using Steiglitz and McBride 
iteration techniques [27]. Drawbacks to the approach include the need for large amounts 
of data to be processed during the computation of requisite correlations. Also. if the 
response to the linear dynamics is slowly time varying. the whole procedure must be 
periodically repeated. In the model described in this study. only four iterations are required 
to determine the order of both the polynomial and linear dynamics for minimum per- 
formance index. 
The results of this article indicate the possibility of using the conventional least squares 
algorithm for identifying the parameters of the proposed nonlinear model. The model 
output yields the PA pressure and valve state. as well as a reasonably accurate prediction 
of changes in right ventricular contractility. With these model predictions, the compli- 
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cations of cardiac catheterization for ?Jtients with pulmonary valve stenosis can be 
avoided. Using the force-velocity, loop L_ ‘-31. to describe the instantaneous myocardial 
contractility, one can predict the contra::iiit). even before injection of radiopaque dye for 
angiogram films. _~lso. the instantaneous pressure-gradient across the pulmonary valve 
reflects the state of the valve Lvithout the need for moving the catheter tobvards it. 
Since this modelling technique can be extended to other cardiac cavities without an) 
special assumptions on geometry and period of action. it could be applied directly on- 
line during cardiac catheterization in cases of computer availability. Also, a model for 
each compartment could be built with Izborator). components as an educational aid for 
engineers as Lvell as phb,sicians. 
As suggested earlier. it is felt that the technique could also be extended for development 
of a model for the overall cardiac system as depicted in Fig. I. Taking the jugular pulse 
tracing as input one may assume differen; models for the compartments and use the carotid 
pulse tracing. which is the system output. for estimating all the parameters involved. This. 
however. would require an enormousI!. large computing facility. 
Perhaps a better approach for modelling the overall cardiac system would be to start 
at the SVC compartment with jugular pulse tracing (JPT) as input and an estimated PR.~ 
as output. The estimate of PRA may be constructed using basis functions determined from 
the features of a set of previously measured data. Knowing JPT and PRA, the parameters 
of SVC can be obtained using the techniques of this study. We next consider the R-4 
compartment and obtain the parameters usin, 0 P,, as input and again an estimated PRr, 
as output. The process is to be continued for all other compartments until the final com- 
partment AO, whose output is the measured carotid pulse tracing (CPT). 
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